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Abstract 

Classical knots in R'^ can be represented by diagrams in the plane. These diagrams are 
formed by curves with a finite number of transverse crossings, where each crossing is decorated 
to indicate which strand of the knot passes over at that point. A pseudodiagram is a knot 
diagram that may be missing crossing information at some of its crossings. At these crossings, 
it is undetermined which strand passes over. Pseudodiagrams were first introduced by Ryo 
Hanaki in 2010. Here, we introduce the notion of a pseudoknot, i.e. an equivalence class 
of pseudodiagrams under an appropriate choice of Reidemeister moves. In order to begin a 
classification of pseudoknots, we introduce the concept of a weighted resolution set, or WeRe- 
set, an invariant of pseudoknots. We compute the WeRe-set for several pseudoknot families and 
discuss extensions of crossing number, homotopy, and chirality for pseudoknots. 

1 Introduction 

Recently, Ryo Hanaki introduced the notion of a pseudodiagram of a knot, link or spatial graph [S]. 
A pseudodiagram of a knot is a knot diagram that may be missing some crossing information, as 
in Figure |4] In other words, at some crossings in a pseudodiagram it is unknown which strand 
passes over and which passes under. These undetermined crossings are called precrossings. Special 
classes of pseudodiagrams are knot diagrams and knot shadows, i.e. pseudodiagrams containing only 
precrossings. Pseudodiagrams were originally considered because of their potential to serve as useful 
models for biological objects related to DNA, but they are interesting objects in their own right. 




Figure 1: Examples of pseudodiagrams. 

Of particular interest in pseudodiagram theory is the computation of the trivializing number and 
knotting number for pseudodiagrams. The trivializing number is the least number of precrossings 
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that must be resolved into crossings in order to produce a pseudodiagram of the unknot. (That is, 
regardless of how the remaining precrossings are resolved, the unknot is always produced.) Similarly, 
the knotting number is the least number of precrossings that must be determined to produce a 
nontrivial knot. Much work has been done to analyze trivializing and knotting numbers [5], 

For the purposes of this paper, we are interested in studying the knot theory that arises from 
considering equivalence classes of pseudodiagrams under equivalence relations generated by a natural 
set of Reidemeister moves. We refer to these objects as pseudoknots. Our choice of the set of Reide- 
meister moves for pseudoknots, pictured in Figure [2j was inspired by the theory of singular knots. 
Singular knots are knots that contain a finite number of self-intersections. If we view precrossings as 
singular crossings, we recover all of the pseudoknot Reidemeister moves, with the notable exception 
of the pseudo- Reidemeister I (PRl) move. 




Figure 2: The pseudo-Reidemeister moves. 

We note that the PRl move ought to be included for the following reason. Consider a pseudo- 
diagram P and the pseudodiagram P' that is related to P by a PRl move that introduces a new 
precrossing, c. Given a resolution of the precrossings in P', the canonical corresponding resolution 
of the precrossings in P produces the same knot type, regardless of how c was resolved in P'. So, in 
an important sense, PRl preserves the knot type of a pseudodiagram. 

Now that we have defined pseudodiagrams, we'd like to learn what we can about their classi- 
fication. We'd also like to extend several classical knot theoretical notions to our new setting. In 
Section [2) we introduce the primary invariant we use to classify pseudoknots, and in Section [3] we 
discuss the classification of several pseudoknot families. We then turn to the extension of the cross- 
ing number in Section [4] Section [s] is concerned with the homtopy of pseudoknots, and we propose 
a notion of chirality in Section [6] We conclude with a few open questions and provide an appendix 
for tables of pseudoknots with up to five crossings. 

2 Weighted Resolution Sets 

As with any knot theory, the primary question in pseudoknot theory asks how we might classify 
pseudoknots. That is, given any two distinct pseudoknots, how might we prove that they are distinct. 
One partial answer is to consider the set of all possible knots that can be produced by resolving 
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all precrossings in a diagram of the pseudoknot. A more sophisticated answer is to consider the 
invariant we call the weighted resolution set of a pseudoknot. 

Definition 1 The weighted resolution set ( or WeRe-set ) of a pseudoknot P is the set of ordered pairs 
{K,pk) where K is a resolution of P (i.e. a choice of crossing information for every precrossing) 
and pk is the probability that K is obtained from P by a random choice of crossing information, 
assuming that positive and negative crossings are equally likely. 

To illustrate this definition, consider the pseudoknot T in Figure [s] There are 2^ = 4 ways to 
resolve the precrossings in the diagram. Three of the four resolutions result in the unknot, Oi, while 
one resolution results in the trefoil, 3i. Thus, the WeRe-set for this example is {(Oi, |), (3i, \)}. 
Note that if we resolve one of the precrossings of T to be a positive crossing, the WeRe-set of the 
resulting pseudoknot is {(Oi, i), (3i, i)}. This shows that the WeRe-set is indeed a more powerful 
invariant than the (unweighted) resolution set, as the added probabilities can distinguish these two 
pseudoknot s. 




Figure 3: A pseudoknot, T, that produces the unknot and the trefoil. 
Theorem 1 The WeRe-set is an invariant of pseudoknots. 

Proof. It suffices to show that the WeRe-set of a pseudoknot is unchanged by the pseudo-Reidemeister 
moves. We will in fact show that all moves except the PRl move preserve the resolution multiset 
(i.e. the set of knots obtained by resolving precrossings in all possible ways, with multiplicity). 
Therefore, they preserve the WeRe-set. 

First, all classical Reidemeister moves clearly preserve the resolution multiset since they involve 
no precrossings. 

The two PR3 moves behave much like the classical moves. Regardless of which resolution is 
chosen for the single precrossing, a classical R3 move is possible on the resolution, so the knot type 
is unchanged. Thus the WeRe-set is also unchanged. 

For PR2, we note that, both before and after the move, there are two possibilities for the 
precrossing resolution of the pseudoknot. In each case, there is precisely one precrossing resolution 
that yields alternating crossings while the other yields a local diagram that R2 may be applied to. 
The alternating resolution that is obtained before the move is identical to the one obtained after 
the move. Thus, the knot types for this choice of resolution before and after the move are identical. 
The non-alternating choice of resolution also produces the same knot both before and after the PR2 
move because a simplifying R2 move is possible in each case. It follows that the resolution multiset 
is unaffected by the PR2 move, and thus so is the WeRe-set. 

Finally, we consider the PRl move. We note that either resolution of the precrossing can be 
removed with a simplifying classical Rl move, so this move does not change the knot type of any 
resolution. Since we have two choices for the precrossing in PRl, the multiplicity of every resolution 
is increased by a factor of two after the move that adds a precrossing is performed. Since doubling 
the multiplicity of each knot in the resolution multiset does not affect the ratios of the resolutions, 
the WeRe-set is unchanged. □ 
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3 Pseudoknot Families and Conway Notation 



To help us understand the relationship between pseudoknots and their WeRe-sets, we compute the 
WeRe-sets for the shadows of various families of knots. Note that whenever we refer to such a 
shadow, we are considering the pseudoknot associated to a shadow of the standard projection of the 
knot. 

3.1 Torus Pseudoknots 

We begin by considering torus knots, with a focus on (2,p)-torus knots. A (2,p)-torus knot is 
particularly straightforward to analyze since it is the closure of a 2-braid (i.e. a braid with two 
strands) that has an odd number of crossings. (Recall that the closure of a 2-braid with an even 
number of crossings produces a link.) To determine the resolutions of a (2,p)-torus shadow, it suffices 
to consider the shadow of its corresponding 2-braid. 

It is well known that braids can be represented by elements of a group called the braid group [2 . 
For example, a 2-braid can be represented by a word in the generators cti and cr^^, where ai 
represents a negative crossing between the two strands and crj~^ represents a positive crossing. (Note 
that the fact that these generators are inverses follows from the R2 move.) All resolutions of the 
shadow of a 2-braid, therefore, correspond to powers of ai. This leads us to the following result. 

Lemma 2 Suppose B is the shadow of a 2-braid with n crossings. Then there are ('^) ways to 
resolve the precrossings to obtain the braid cr"^^'^. Moreover, if B' is a pseudodiagram of a 2-braid 
with n precrossings and the classical crossings contribute a total of a{ to the braid word for B' , then 
there are (^) ways to resolve B' to get a braid with reduced word a^^^^"^^ . 

Proof. If wc choose n — fc of the n crossings to be negative (corresponding to cti) and k to be 
positive (corresponding to ctj^^), then the reduced braid word corresponding to the resulting braid 
is cr""^'^. Furthermore, there are (^) ways to choose the k positive crossings. The second statement 
follows as an immediate corollary. □ 

Theorem 3 Every resolution of the shadow of a (2,p)-torus knot is a {2,p — 2k) -torus knot, with 
< k < p. Moreover, there are (^) ways to obtain a {2,p — 2k) torus knot from the {2,p)-torus 
shadow. In particular, since the unknot is its own mirror image ( as it can be represented both as a 
(2, 1)- and {2,—l)-torus shadow), there are 2(^p^2j) I'^o.ys to get the unknot. 

Proof. A (2,p)-torus knot is the closure of the 2-braid with p crossings corresponding to the braid 
word By the previous lemma, there are (^) ways to get the braid cr^~^'^ from the shadow of the 
2-braid with p crossings, and the closures of these braids are precisely the (2,p — 2A:)-torus knots. 
Clearly, no other knot types are obtainable from the standard projection, since every resolution is 
the closure of a 2-braid. □ 

Corollary 4 The knotting number of the .shadow of a (2, p) -torus knot is equal to 

Proof. Any crossing can be removed by a suitable resolution of an adjacent precrossing. So if we 
have chosen k crossings (say, positively) and have p—k left to choose, the difference must be at least 
3 to ensure that a nontrivial knot is produced. If we let k — then 

This is the least number of crossing choices we can make to be sure we have a knot. □ 
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While the WeRe-sets of (2,p)-torus knot shadows are straightforward to describe, other kinds of 
torus knot shadows present more of a challenge. One interesting feature of the (2,p)-torus knots is 
that every resolution is itself a (2,p)-torus knot for some p. For the (3,4)-torus shadow, however, a 
similar result fails to hold. 

Example 1 (The (3,4)-torus knot.) The WeRe-set of the shadow of the (3,4)-torus knot is 

88, , 72, , 4 , , 16, , 32, , 16, , 2 , , 2 , , 16, , 8 
{(Oi. (3i, (4i, (5i, (52, (63, (8i8, (8i9, (820, (3i#3i, ^)}. 

We note that it contains knots which are not torus knots. 

The (3, 7)-torus knot is also of particular interest. 

Example 2 (The (3,7)-torus knot.) The probability of obtaining an unknot from a knot shadow 
is higher than the probability of obtaining any other knot type for shadows with up to 12 crossings. 
An exception to this rule is the shadow of the (3, 7) -torus knot with the WeRe-set 

iiUi, -^), (31, -^), ■ . ■}■ 




Figure 4: The shadows (a) of the (3,4)-torus knot; (b) of the (3,7)-torus knot. 



3.2 Rational Pseudoknots 

We turn our attention from pseudoknots related to torus knots to other interesting knot families. 
We consider the concrete example of shadows of twist knots (as in Figure [s]) then discuss rational 
pseudoknots more generally. For more on rational and twist knots, see [T]. 



Figure 5: The shadow of a twist knot. 



5 



Theorem 5 Every resolution of a twist knot shadow with n crossings is either a twist knot with n 
or fewer crossings or the unknot. The number of ways to obtain a twist knot with n — 2k crossings 
by resolving the shadow of a twist knot with n crossings is 2("^^). The number of ways to obtain 
the unknot is 2""! + 2(^Jl"2/2j)- 

Proof. A twist knot is made up of a clasp and a twist, and each of these tangles can be viewed 
as braids. The clasp of a twist knot shadow can be resolved to alternate in either of two ways 
(corresponding to the braids af and crj~^). It can also be resolved so that it is not alternating, in 
which case our resolution is the unknot. 

By LemmajSj there are ('^) ways for the twist tangle to be the braid cr"^^'^. If we have the braid 
cr""^'^ and the clasp is alternating, we will either get a twist knot with n — 2k crossings or one with 
n — 2A: — 1 crossings, depending on which way the clasp alternates. Since we can get both the twist 
knot with positive crossings and the one with negative crossings, we multiply by 2 to get the total 
number of possible resolutions that will give us a particular twist knot. □ 



Figure 6: A rational knot. 

Twist knots are a subfamily of the larger family of rational knots 01 [U] • We can generalize our 
strategy of computing WeRe-sets for twist knot shadows to strategies for computing rational knot 
shadow WeRe-sets. Recall that a rational knot can be viewed as the closure of a rational tangle, 
that is, a tangle made up of a sequence of horizontal and vertical twists. See Figure[6]for an example 
of a rational knot, and refer to 1 for a detailed discussion of rational tangle construction. 

The sequence of twists ai 02 ■■■a„ (meaning the first twist has ai crossings, the second has 02 
crossings, etc.) that creates a rational knot is key for classifying such knots. (Note that twist 
knots are associated to sequences of the form ai 2.) From this sequence, we can form the following 
continued fraction, which is instrumental in determining information about knot type. 

1 

an H i — 

O-n-l H IjT^ 

If this is equal to p/q for some relatively prime p, (7 G Z with p odd, then it is a knot. Moreover, a 
theorem by Schubert from [11] tells us exactly when two such knots will be equal. 

Theorem 6 (Schubert [llj) Suppose that rational tangles with fractions p / q andp'/q' are given, 
where p and q are relatively prime as are p' and q' . (The numerators are always assumed to be 
positive, and the denominators may be negative.) If K (p/q) and K{p'/q') denote the corresponding 
rational knots obtained by taking numerator closures of these tangles, then K{p/q) and K{p' /q') are 
topologically equivalent if and only if 

1. p — p' and 

2. either q = q' mod p or qq' = 1 mod p. 

Schubert's theorem, along with the following theorem, help us determine the WeRe-sets for 
shadows of rational knots. 
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Theorem 7 Suppose S is the (canonical) shadow of the rational knot with sequence ai 02 ■.■ On- 
Then the number of resolutions of S that yield the rational knot (ai — 2fci) (02 — 2^2) ... (a„ — 2fc„) is 




Proof. We note that each element of the sequence ai 02 ...a^ represents the shadow of a tangle 
sub-diagram that is a 2-braid. The total number of ways to get the sequence (ai — 2ki) (02 — 
2/02) ... (fln — 2fc„), then, is the product of the number of ways to get each element in the sequence, 
as determined in Lemma [2) □ 

3.3 Conway Notation for Pseudoknots 

Thus far, we have only considered rational knot shadows and rational knot diagrams. If we are to 
consider more generally diagrams of rational pseudoknots, or Conway notation for all pseudoknots, 
we need to expand our classical notational conventions. 




XXX 



1-1 



Figure 7: The elementary tangles. 

The Conway symbols of knots with at most 10 crossings and links with at most 9 crossings are 
given in the Appendix of Rolfscn's book [121. Expanding the Conway notation for classical knots 
and links ^ .10. ^ JJ , we define Conway notation for pseudoknots and pseudolinks by adding to the 
list of the elementary tangles 0, 1, —1 the elementary tangle i, which denotes a precrossing. See 
Figure [Tj In our extended Conway notation for pseudoknots and pseudolinks, we have the following 
conventions: 

• A sequence of n precrossings (that is, a precrossing n-twist) is denoted by i, . . . or simply 
i". 

• A sequence of n classical crossings (that is, a positive n- twist) is denoted by 1, . . . , 1, or 1". 

• A sequence of n classical negative crossings (negative n-twist) is denoted by — 1, . . . , — 1 , or 
(-!)"■ 

In this way, we also obtain mixed pseudotwists, e.g., a pseudotwist (i, i, 1, 1, 1, —1, —1), which can 
be shortly written as (z^, 1'^, (— 1)^). A pseudotwist will be called reduced ii it has the minimal number 
of crossings among all pseudotwists equivalent to it. Every reduced pseudotwist will be positive 
or negative, i.e., it will not contain crossings of different signs. Since crossings in a pseudotwist 
commute, every reduced twist can be ordered and represented in the the form (i^, f) or i^, (— 1)^ 
where p,q > 0. Minimal diagrams of pseudoknots will contain only ordered reduced twists. 

For an example which illustrates how the notation is used, we consider the simplest family 2^, 
3i, 4f , 5i, ... of torus knots and links which includes the Hopf link 2, the trefoil 3, etc. This family 
can be denoted in Conway notation by the general symbol p {p> 2). By substituting a precrossing 
for a classical crossing in each family member, we obtain the family of pseudoknots and pseudolinks 
(i, 1), (z, 1, 1) = (i, P), (z, 1, 1, 1) = (z, 13), (z, 1, 1, 1, 1) = (i, 14), . . and in general (z, p-i) {p > 2). 
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2 3 4 5 6 



Figure 8: Hopf link 2\ — 2 and its family p (p = 2, 3, . . .). 

4 Crossing Number of a Pseudoknot 

Just as with classical knots, we have a natural notion of crossing number for pseudoknots, as follows. 

Definition 2 The crossing number, cr{K), of a pseudoknot K is the minimum number of total 
crossings (both classical and precrossings ) of any projection of that pseudoknot. 

Given this definition, one natural question that arises is the following. Is the crossing num- 
ber of a pseudoknot equal to the maximum crossing number of its resolutions? Equivalently, if it is 
possible to reduce any resolution of a pseudoknot, is it necessarily possible to reduce the pseudoknot? 

Using the WeRe-set invariant, we are able to answer this question negatively. Indeed, there are 
pseudoknots with crossing number strictly greater than the maximum of the crossing numbers of 
knots in the resolution set. Consider the pseudodiagram given in Conway notation by (3) (i) (—2). 
The pseudoknot K given by this diagram has WeRe-set {(5i, (52, 5)}, which is different from the 
WeRe-set of any pseudoknot with crossing number five. We can conclude that the crossing number 
of K is six, while the maximum of the crossing numbers of knots in the WeRe-set is five. 

On the other hand, there is a nice class of examples for which our question can be answered 
positively. First, some terminology is needed. 

Definition 3 A crossing in a pseudodiagram is called nugatory if there exists a circle in the plane 
enclosing part of the knot which intersects the knot at the crossing and nowhere else. 




Figure 9: A nugatory crossing. 

Definition 4 A pseudodiagram is potentially alternating if it is has no nugatory crossings and if it 
is possible to resolve its precrossings so that the resulting knot diagram is alternating. 

We note that any shadow is potentially alternating, while our example above, (3) (i) (—2), is not 
potentially alternating. Returning to our question, we find the following result. 
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Proposition 8 Suppose a pseudoknot K has a potentially alternating diagram Dk- Then the cross- 
ing number of K is realized in ■ Furthermore, the crossing number of K is equal to the maximum 
crossing number of the knots in the resolution set of K. 

Proof. The result follows immediately from the fact that K has a reduced alternating knot in 
its resolution set with cr{Ka) = cr{DK)- □ 

Remark 3 In our example (3) (i) (—2), we saw that if crossing i is resolved one way, the knot 
5i results. If the crossing is resolved the other way, we get the knot 62. An interesting question 
to consider is whether there is a similar example of a pseudodiagram with a single non-nugatory 
precrossing such that both resolutions produce the same knot rather than two different knots (so the 
WeRe-set has a single element). In fact, the rational knot (1, 1, l)(i)(— 1, —1, —1) is such an example 
for unoriented pseudoknots. Both resolutions of the precrossing yield the knot 61 . 

The precrossing in a pseudodiagram, with this curious property are called cosmetic or (non- 
nugatory) degenerate crossings. Nugatory crossings are also considered to be degenerate, but there 
are not yet any known oriented knots containing non-nugatory degenerate crossings (i.e. cosmetic 
crossings). This problem was first posed by X.-S. Lin and appears as Problem 1.58 in Rob Kirby's 
Problem List. 



5 Homotopy of Pseudoknots 

In this section, we consider more broadly the relationship between pseudoknots that is generated by 
crossing changes. 

Definition 5 Two pseudoknots are called homotopic, or crossing- change equivalent, if their pseu- 
dodiagrams can be related by sequences of crossing changes and pseudo-Reidemeister moves. 

In the case of classical knots, the notion of homotopy is uninteresting. Indeed, every classical 

knot is homotopic to the unknot. The notion of homotopy for pseudoknots, however, is nontrivial. 
While there exist homotopically nontrivial pseudoknots, the following result gives a large class of 
pseudoknots which remain homotopic to the unknot. 

Theorem 9 Every pseudoknot that can be represented by a pseudodiagram with a single precrossing 
is homotopic to the unknot. 

Proof. First, recall that a knot diagram is based if a base point (different from the crossing points) 
is specified on the diagram, and oriented if an orientation is assigned to it. Let X be a knot and K 
be a based oriented diagram of K. The descending diagram of K, denoted by d{K), is obtained as 
follows: beginning at the basepoint of K and proceeding in the direction specified by the orientation, 
change the crossings as necessary so that each crossing is first encountered as an over-crossing. Note 
that d{K) is the diagram of a trivial knot. Every knot diagram can be turned by a finite number of 
crossing changes into a descending diagram, so the unknotting number of every knot is finite. 

We apply a similar idea to pseudoknots that can be represented by a pseudodiagram with a single 
precrossing. The precrossing divides the pseudoknot in two subcomponents. Choose the basepoint 
such that between it and the precrossing there are no crossings. In the first step, beginning at 
the basepoint and proceeding in the direction specified by the orientation, change the crossings as 
necessary so that the first subcomponent is always over the second. Then, pseudo-Reidemeister 
moves may be performed so that there are no crossings involving both subcomponents. In effect, 
the precrossing becomes nugatory. In the next step, beginning at the basepoint and proceeding in 
the direction specified by the orientation, change the crossings as necessary to make each of the 
subcomponents descending. The obtained diagram is a pseudodiagram of the unknot with a single 
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precrossing. Hence, every pseudoknot with a single precrossing is honiotopic to the unknot, so the 
unknotting number of pseudoknots with a single precrossing is a finite invariant. □ 

Remark 4 We note that every pseudoknot with k — 2 precrossings is homotopic to the unknot 
or to the pseudoknot 3i.2 — Moreover, every pseudoknot with fc = 3 precrossings is ho- 

motopic to the unknot, the pseudoknot 3i.2 = or one of the pseudoknots 3i.l = (i^) or 

4i.2 — (i^) Every pseudoknot with fc = 4 precrossings is crossing-change equivalent to one 

of the preceding pseudoknots, or to one of the following pseudoknots: {i'^){i'^), {i^){i,l), 
{e, 1) (z) (z, 1), (z, 1) {{) (z) (z, 1), (z2, 1), etc. 

Of course, these results are only interesting if there exist homotopically nontrivial pseudoknots. 
For instance, how do we know that 3i.2 is homotopically nontrivial? This fact is a consequence of 
the following theorem, which uses the notion of a Gauss diagram corresponding to a pscudodiagram. 
For more on this extension of the theory of Gauss diagrams, see [B]. 

Theorem 10 Let K he a pscudodiagram with (at least) two precrossings whose corresponding chords 
intersect in the Gauss diagram for K . Then any pscudodiagram K' that is homotopic to K must be 
nontrivial. In particular, the Gauss diagram for K' must contain intersecting chords corresponding 
to two precrossings. 

Proof. This result follows from Lemma 3.6 in [6j which states that any pscudodiagram with a 
Gauss diagram of this form must have a nontrivial resolution. Moreover, we consider the effect 
that PR moves and the crossing change move have on the Gauss diagram of a pscudodiagram. If a 
Gauss diagram has two intersecting prechords (i.e. chords corresponding to precrossings), then any 
equivalent Gauss diagram has two intersecting prechords, as no Gauss diagram version of a PR or 
crossing change move can have the effect of uncrossing these chords. □ 

Remark 5 For those unfamiliar with the theory of Gauss diagrams, we note that the requirement 
that two prechords cross in the Gauss diagram can be reformulated as follows. Given a pscudodia- 
gram with precrossings a and b, if one can travel along one half of the knot from a back to itself, 
encountering b exactly once along the way, then the prechords for a and b intersect in the Gauss 
diagram. 

In every homotopy class, a pseudoknot realizing the minimum crossing number will be used as 
the representative of this class and denoted by Kq. In the cases where an appropriate Kq can be 
determined, the following notion is a useful analog of the unknotting number. 

Definition 6 The Kq crossing-change number Uc of the pseudoknot K belonging to the homotopy 
class of Kq is the minimum number of crossing changes taken over all pseudodiagrams of K needed 
to obtain the pseudoknot Kq. 

In the case of pseudoknots that are homotopic to the unknot, the Kq crossing-change number 
will be simply called pseudounknotting number. Just as with the unknotting number for classical 
knots, pseudounknotting number cannot be computed from minimal diagrams. To show this, we can 
use the pseudoknot equivalent of the Nakanishi-Bleiler example: the fixed diagram of (i, 1*) (1) (1^) 
requires at least three crossing changes to unknot, and its unknotting number is at most 2. This 
value can be obtained if in {i, 1*) (1) (1^), we make one crossing change and obtain (i, f) (—1) (1*) = 
{i, 1^) (1) (1^). Then by the crossing change (i, 1^) (—1) (1^), we obtain the unknot. 

We can formulate the pseudoknot equivalent of the Bernhard-Jablan Conjecture ^ as follows. 
Starting from a minimal diagram of K with n classical crossings, we make all single crossing changes 
to obtain n new pseudodiagrams. We then reduce the pseudodiagrams obtained to their minimal 
diagrams using pseudo-Reidemeister moves. Then, we continue with this recursive process until Kq 
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is obtained. The conjecture states that the Kq crossing-change number Uc of K will be equal to the 
number of steps in this recursive crossing-change process, which is denoted ubj- 

We consider a question whose solution relies on this conjecture. If Ki and K2 are the resolutions 
of a pseudoknot K with a single precrossing, it is clear that Uc{K) > max{u{Ki),u{K2)), where u 
denotes the classical unknotting number. Is there a pseudoknot of this form that realizes the strong 
inequality Uc{K) > max{u{Ki),u{K2))l How large can the difference UBj{K) — max(u{Ki),u{K2)) 
be? 

Because it is difficult to find exact unknotting numbers for pseudoknots, we restrict our consid- 
eration to the unknotting numbers ubj- We find that the difference ubj{K) — max{u{Ki),u{K2)) 
can be arbitrarily large. An example illustrating this phenomenon is the family of pseudoknots 
(fP) (l^) (1) (i, 1), (p > 2). For this family, the B J-unknotting number is [2±ij + 1 while the 
unknotting numbers of both resolutions are 1. 

6 Mirror Images and Chirality 

6.1 Signed WeRe-Sets 

In the previous sections, we used the WeRe-set as our primary invariant for distinguishing pseu- 
doknots. In fact, there is a stronger version of the WeRe-set that remains invariant. The signed 
weighted resolution set of a pseudoknot is a WeRe-set where distinctions are made between resolu- 
tions and their mirror images. While Theorem |3] is in fact a result about signed WeRe-sets, we have 
not often made the distinction between a knots and their mirror images. The following example 
illustrates how this distinction can be useful. 

Consider the standard trefoil shadow, (j^). The WeRe-set of this pseudoknot is {(Oi, (3i, ^)} 
(where 3i may denote both the right- and the left-handed trefoils). On the other hand, the trefoil 
with two precrossings and a positive crossing, (i^, 1), has the same WeRe-set, despite the fact that the 
left-handed trefoil, — 3i, is not a possible resolution of (i^, 1) but is a possible resolution of (i^). In- 
deed, the signed WeRe-set of (i^, 1) is {(Oi, (-f3i, ^)}, where -f 3i emphasizes that the resolution 
is the right-handed trefoil. Of course, — 3i is in the (signed) WeRe set, {(Oi, p-), (3i, ^), (— 3i, ^)}, 
of (i^). So we see that the signed WeRe-set can distinguish these two pseudoknots. 

There are other interesting examples of pseudoknots with the same WeRe-sets but different signed 
WeRe-sets. For instance, the pseudoknots (1, 1, 1) («) (—1, —1, —1) and 3 2 have the same WeRe-set 
{(61, 1)}. However, their signed WeRe-sets are {(61, |), (—61, ^)} and {(61, 1)} respectively. 

6.2 Pseudoknot Chirality 

When we begin to make distinctions between knots and their mirror images, it is natural to ask ques- 
tions regarding which knots are equivalent to their mirror images, i.e. which knots are amphicheiral. 
The mirror image Z) of a pseudodiagram D is the diagram obtained from D by making all positive 
crossings negative and vice versa, leaving all precrossings untouched. Two pseudoknots are mirror 
images of one another if thy have pseudodiagrams that are mirror images. Given this notion of 
mirror image for pseudoknots, we introduce the related notion of amphicheirality for pseudoknots. 

Definition 7 A pseudoknot K is called amphicheiral if K and its mirror image K are ambient 
isotopic. 

In order to recognize amphicheiral pseudoknots we can use signed WeRe-sets, where to an am- 
phicheiral pseudoknot K and its mirror image K correspond the same signed WeRe-sets. 

In order to construct an infinite number of amphicheiral rational pseudoknots with one or two 
precrossings, we can use the following two theorems for classical knots: 
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Theorem 11 (Caudron [3], Siebenmann [12]) A rational knot is amphicheiral iff its Conway 
symbol is mirror- symmetric and has an even number of crossings. 



Theorem 12 (Kanenobu-Murakami [8j) Every rational unknotting number 1 knot can be ex- 
pressed by one of the following Conway symbols 



Co Ci 



Cl 



where Ci > for i — 0, 



Co Cl ... Cr-l (c,- — 1) 1 1 Cr Cr-l • . • Cl , 

, r and Cr > 2. 



The knot family pllp {p > 2), which includes knots 63, 89, IO17,. . ., satisfies the criteria of 
both theorems and consists of amphicheiral rational knots with unknotting number 1. If we substi- 
tute a crossing 1 by a precrossing in any knot in this family, we obtain the family of pseudoknots 



(l**) (z) (1) (f) (pictured in Fig. 10 a,). The resolutions of this pseudoknot are the unknot and knot 



pllp, which are both amphicheiral. Thus, all pseudoknots (I'') («) (1) (1^) are amphicheiral. 

From this same knot family, we derive the family of amphicheiral pseudoknots (1^) (i) (i) (1^) 
with two precrossings. Indeed, we notice that its resolutions are the amphicheiral knots pllp, the 
unknots p(— 1) Ip and pi {—l)p, and the amphicheiral knot 1) {—l)p = {p — l)^l{p ^ 1) (see 

Fig. m>). 





Figure 10: Amphicheiral pseudoknots (a) (F) (z) (1) (F); (b) (F) {i) (i) (F). 



7 Additional Open Questions 

While we have alluded to several open questions throughout our paper, we conclude with several 
more interesting questions about pseudoknots. 

Question 1: Is each pseudoknot uniquely determined by its signed WeRe-set? 

Question 2: Do flypes involving nugatory precrossings preserve pseudoknot type? 

Question 3: Earlier, we considered shadows of 2-braids. What is an appropriate definition, in 
general, of pseudobraids? In particular, when are two pseudobraids equivalent? Furthermore, in 
classical braid theory there are Markov moves that characterize when two braids have equivalent 
closures. Is there an analog for pseudobraids? 
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A Pseudoknot Tables 



Knot tables of prime pseudoknots with at most 9 crossings are based on the computation of their 
WeRe-sets. The number of obtained pseudoknots is given in the foUowing table: 



n 




3 


3 


4 


5 


5 


15 


6 


59 


7 


212 


8 


1344 


9 


7281 



In this paper we provide tables of pseudoknots with at most 5 crossings, given by their Conway 
symbols, WeRe-sets, and followed by diagrams. The remaining part of the tables can be downloaded 
from the address: http://www.mi . sanu . ac . rs/vismath/pseudotab .pdf ' In this file we used a 
concise notation for WeRe-sets. For example, instead writing the complete term with fractions, e.g., 
{i, i, i), {(Oi, (3i, ^)}, we wrote just (i, i, i), {{Qi, 6), (3i, 2)}, knowing that this pseudoknot has 
3 precrossings, so the second entries in the term {(0i,6), (3i,2)} need to be divided by 2^, or, in 
general, by 2'^, where k is the number of precrossings of the pseudoknot. 

Since for pseudoknots is used the same generalized Conway notation as for virtual knots, drawings 
of the corresponding pseudoknots given by their Conway symbols can be produced by using Web- 
Mathematica, at the address: http : //math . ict . edu.rs : 8080/webMathematica/virt/virtOOO ■ jsp 



3i.l 




{(0i,|,),(3i,|r)} 


3i.2 




{(Oi, ji),(3i,2^)} 


3i.3 


(1,1,1) = {i,r') 


{(0i,^),(3i,^)} 




Figure 11: Pseudoknots 3i.l-3i.3 derived from the trefoil knot 3i. 



4i.l 


(^,^)(^,^) = (^2)(^2) 


{(Oi, p), (3i, (4i, ^)} 


4i.2 


{t,t){z,l) = {e){i,l) 


{(0i,|r),(3i,^),(4i,2^)} 


4i.3 


(z,i)(l,l) = (»-)(P) 


{(0i,|,),(3i,^),(4i,2^)} 


4i.4 


{i,m,l) 


{(0i,^),(4i,2^)} 


4i.5 


(z,l)(l,l) = (*,l)(l2) 


{(0i,i),(4i,^)} 
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\A 4,.2 4,.3 \A 4,5 



Figure 12: Pseudoknots 4i.l-4i.5 derived from the figure-eight knot 4i. 



5i.l 




{(Ol, p), (3i, P), (5i, ^)} 


5i.2 


1) = (i"', 1) 


{(Ol, ^), (3i, ^), (5i, 2t)} 


5i.3 


(i,z,i,l,l) = (z3,l2) 


{(0i,|f),(3i,|r),(5i,^)} 


5i.4 


(z,z, 1,1,1) = 


{(0i,2^),(3i,^),(5i,^)} 


5i.5 


(z, 1,1, 1,1) = (l,l*) 


{(3i,i),(5i,i)} 




Sj.l 5j.2 5,.3 5j.4 5j.5 



Figure 13: Pseudoknots 5i.l-5i.5 derived from the knot 5i. 



52.1 




{(Ol, p), (3i, p), (4i, P), (52, p)} 


52.2 


= (z^)(z,l) 


{(Ol, 54); (3i, 24)1 (4i, 24)7 (527 24)} 


52.3 


(z,z,z)(l,l) = (z^)(P) 


{(O17 Jr), (3i, ^), (4i, 2^), (52, jt)} 


52.4 


(^,^,l)(^,l)(^^l)(^,l) 


{(Ol, ^), (3i, p-), (52, p-)} 


52.5 


(^,^,l)(l,l)(^^l)(l2) 


{(Ol, 22 )7 (3i7 52)7 (527 22 )} 


52.6 


(i,l,l)(j,z) = (i,P)(j2) 


{(0i,|r),(3i,2tr),(4i,2^),(52,2tr)} 


52.7 


(z,l,l)(i,l) = (i,l2)(z,l) 


{(Ol, 22 ), (3i, 22), (52, 22 )} 


52.8 


(Z,1,1)(1,1) = (Z,12)(12) 


{(3i,i),(52,i)} 


52.9 


(l,l,l)(.,z) = (l^)(z2) 


{(0i,^),(4i,^),(52,2^)} 


52.10 


(l,l,l)(*,l) = (l3)(i,l) 


{(0i,i),(52,i)} 
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Figure 14: Pseudoknots 52.1-52-10 derived from the knot 52- 
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